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We investigate the relations between the position and the program absorption 

sets. We cite an example in which the construction of the position absorption 
set [l- 31 is reduced to the determination of a finite number of program ab- 
sorption sets [4, 51. 

It is known that in the general case the construction of a position absorption set leads 

to the determination of a countable sequence of program absorption sets [l, 3, 6, 7-j. 
Also well known are the cases when the position absorption set is determined by one 
program absorption operation p, 3, 5. 81. We consider a linear differential game of 
pursuit. Let the motion of a conflict-controlled system be described by the equation 

dx / dt = A (t)a + u - u (1) 

Here z is the n-dimensional system phase vector ; A (t) is an n X n matrix with coef- 

ficient depending continuously on t ; u and v are the controls of the first and second 

players, respectively, whose realizations are constrained by u lt] E Pt, v ItJ E qt, where 
the closed convex sets Pt and Qt depend piecewise-continuously on t. 

In the phase space R, we are given a set M which is usually assumed closed and con- 
vex, The solution of the pursuit problem consists of having to construct the first player’s 
strategy which guarantees that the phase point z [t] is taken onto the aim set M. It is 
assumed that information on the game position (t, 2 ItI) realized is available to the pur- 
suer. Thus, the pursuit strategies are certain functions U = U (t, 2). The classes of play- 
ers’strategies, containing the solution of the position differential game, were introduced 

in [2. 71. 
Let us briefly describe certain elements of extremal construction used in solving position 
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differential games. Let a certain closed set W (t) C R, be associated with each value 

of t (to d t < 6) . We assume that the systemofsets W (t) possesses the property of 
strong (c-stability p2, 71, moreover, w (6) C M, z,, e W (to). Then we can construct 
a strategy u, = U, (t, z), extremal to the system of sets W (t), which guarantees the ter- 

mination of the pursuit game at the instant t - 6. From the definition of the extremal 

strategy c2, 5, 71 we see that when the system of stable sets is known, the construction of 

the corresponding extremal strategy does not present great difficulty. Thus, the basic 

problem is to construct the sets W (t) (to < t < 6), possessing the properties listed above. 
We turn to an examination of the results concerning the problem of constructing the 

desired strongly u-stable sets w (t) (to < t < 8). The basic concept used in the investi- 

gation of this problem is that of a program absorption set I+‘, (t, 6; ill) [4, 51. Conditions 
have been stated in [3, 5, 81 under which the system of sets W, (t, 6; M) (L,, < I < 6) 
possesses the property of strong II -stability. The equality I+‘, (6. ti; M) ~~~ bf , follows 
from the definition of the set W, (t, 6; M), therefore, in the given case, and under the 
condition z,, c W, (to, 6; M) , the strategy L:, = U,(l, II‘) , extremal to the system of 

program absorption sets, guarantees the termination of the pursuit game at the instant 
t 6. We note that the construction of the program absorption sets is a comparatively 

simple task (the relations defining these sets have been presented in [4, 5, 81. Therefore, 
the pursuit problem is, in effect, solved in the given case. 

In the general case the program absorption sets do not possess the stability property, 

therefore, to construct stable sets we have to introduce the notion of position absorption 
[2. 71, With the aid of the position absorption sets W, (t, 6; M) we can formulate the 

necessary and sufficient condition for game termination at the instant t -= 13; the ful- 

fillment of the inclusion x0 c w,, (to. 6; M) serves as such a condition. Thus, the con- 

struction of the position absorption sets W,, (t, 6; M) comprises one of the fundamental 

stages in the investigation of differential games. It is known that the sets W,, (1. 6; M), 

specified by the property of position absorption c2, 7],can be determined also by means 
of a retrograde procedure [l, 31, and, moreover, the basic element of this procedure turns 
out to be the program absorption operation. 

As we have already noted above, the construction of program absorption sets is a com- 
paratively simple task. However, in the general case, to construct a position absorption 
set by the retrograde procedure we have to introduce a countable sequence of program 

absorption operations. In the study of the conditions for an effective construction of the 
sets R’, (t, 6; M) the question arises of the existence of situations when W,, (t, 6; M) -b 

WI (t, 6; M) but to construct the set w0 (t, 6; M) we need to carry out only a finite 

number of program absorption operations. This question has an affirmative answer. We 
present an appropriate example below. As a preliminary we note that in this example 

the position absorption set is determined by two program absorption operations and here 
we obtain the following relation: 

IV, + wo J 1Vl. \1’* C IV0 C TV] 

where W, is the absorption set determined by the construction in [9]. We note that the 

sets W, can be defined as the sets of regular program absorption [lo]. 
We procee to the example. Let the motion of a two-dimensional phase vector z [t]= 

(.rl[t], z,[t]) be described by Eq. (1) with A (t) 3 0. The constraints on the controls have 
the following forms : 
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u[t]E(lj- fi,Gi for rElO* 11 
u[tlE(i+ fi,ca for t>i 

2, [t] E G2 for t E [O, 11, ZJ it] E Gl for t > 1 

where the sets Gi and G, are the squares 

G1={g: Ig1lG1, Igzl61) 

Gz =. {g: I g1 I + I 0 I < 11 

The set M consists of a single point - the origin (0, 0). We note that in this example 

the sets which restrict the choice of the players’ controls depend piecewise-continuously 
on time, and this dependency has a discontinuity at the instanr t = 1 . The given exam- 

ple can be altered so that the constraints on the controls are constant, while the system 
of equations describing the motion of the phase vector I [t] is nonstationary with coef- 

ficients which depend continuously on time. Here the fundamental property of the given 

example is preserved. 
We describe the construction of the set IV,, (0, 2; M), i.e. we take t = 0 as the ini- 

tial time and 6 = 2 as the final time. Let us examine the program aosorption set IV1 
(t, 2; M) for t E 11, 21. On this interval the constraints on the controls are time-inde- 
pendent and the matrix A (t) s 0, therefore, it is not difficult to show that the set WI 
(t, 2; M) is given by the relation 

wl(t,2;~)=[(2-tt)(i + ~)Gc~+MI_~~_(~---)G~~ tE[1,21 

Here B -I_ C denotes the collection of all points of the form b -i- c (b E B, c E C) 

and the symbol x denotes geometric subtraction, 
i.e. D=BXC={d:d+CCB}. Takinginto 
account that the set M consists of the single point 

(0, 0). we obtain 

w,(t, 2; M) = (2 - t)H,, HI = (c : ) cl I+] c, ) < 2) 

It is directly verified that the system of sets Wl 

(t, 2; M) (1 < t < 2) is strongly u-stable. It is 

known that the equality WI (t, 2; W) = Wn (t, 2; 
M) follows from this property r1, 81. In particular, 

for t = 1 we obtain 

.W, (1, 2; M) = HI (2) 
Fig. 1 

Let us now examine the set W. (t, 2; M) (0 < 

t 5 I). Having constructed the program absorption sets w, (t, i; ~~(1, 2; M)) (0 < 
t f I), we have 

w, (t, i; w0 (I, 2; M)) = [(I + l/s, (l--t)‘& + Wo (1, 2; M)l 2 (1 - t)G (3) 

The sets w, (t, 2; w. (1, 2; M)) (0 < t < I) also are strongly u-stable, therefore, the 
equality 

W, (t, 2; M) - W, (t, 1; W, (I, 2: M)) (4) 

is valid. From relations (2) - (4) we can get that for t = 0 the set Wb (t, 2; M) is a 

square with side 1, = 2 + 2 T/2. We compare the set W, (0, 2; M) with the set 

IV1 (0,2; M) = [(I + vz) Gl + (It -@I Gal 2 (G + ‘3 

It is a regular octagon with side I, = 2 1/-. 



Finally, we determine the set W, (0, 2) by the approach suggested in [9]. We obtain 

W, (0,2) = ](I + -l/z) Gr 5 GL] + [(I + 1/j) Gs 5 GI] 

The set W, (0, 2) turns out to be an octagon with side 1s = 2. The program absorption 
set W, (0, 2; M) contains the set W,, (6, 2; M) which, in turn, contains the set IIJ, (0, 2). 
In Fig.1 the boundary of set W, (0, 2; M) is shown by a solid line, the boundary of set 

W, (0, 2; M) by a dashed line, while set W, (0, 2) is shown cross-hatched. Thus in the 
given example the position absorption set is determined by two program absorption ope- 

rations. 

The author thanks N. N. Krasovskii for posing the problem and for discussing the work. 
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